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eg. M3D simulation of CDX-U 



 Invariant flux surfaces are destroyed near “resonances”,  = n / m, n, m are integers  

construction of action-angle coordinates for perturbed system fails because of  “small-denominators” 

 

 

 Magnetic islands (resonance zones) form 
          chaotic, “irregular” field lines emerge, 

          that wander seemingly randomly over a volume   

 

 Confinement deteriorates,  

   the pressure is flat inside islands and chaos 

 

 

 
The calculation of three-dimensional 

   partially-chaotic equilibria must 

 

1) Be consistent with theoretical plasma physics 

2) Be consistent with experimental results 

3) Be consistent with Hamiltonian chaos theory 

4) employ numerical methods that accommodate fractals 

With increasing non-axisymmetry, 

the flux surfaces become increasingly “broken”  

separatrix splitting,   unstable manifold,   “chaotic tangle” 

deformation of boundary 
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WHERE TO START?     START WITH CHAOS 

The fractal structure of chaos is related to the structure of numbers 
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is it pathological?
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Diophantine Pressure Profile

 pressure gradient at Diophantine irrationals

 flatten pressure at every rational

                                                                    

           
                                       

                infinite fractal structure

                                                                                              Riemann integrable is not

THEN,         ADD PLASMA PHYSICS 

Force balance means the pressure is a “fractal staircase” 

 p = j × B,  implies that   Bp=0           i.e. pressure is constant along a field line 

 
 Pressure is flat across the rationals                                                               (assuming no “pressure” source inside the islands) 

       → islands and chaos at every rational     → chaotic field lines wander about over a volume  

 

 Pressure gradients supported on the “most-irrational” irrationals 
→ surviving “KAM” flux surfaces confine particles and pressure 
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Fieldline transport is restricted by irrational field-lines 

Poincaré plot (model field   next slide) 
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The irrational KAM surfaces disintegrate into invariant irrational sets ≡ cantori,  

which continue to restrict fieldline transport even after the onset of chaos. 

510  iterations 

510  iterations 

“noble” 

cantori 
(black dots) 

(delete middle third) 
KAM surface 

cantor set 

complete barrier 

partial barrier 

KAM surfaces stop  

radial field-line transport. 

 

Cantori ≡ “broken KAM surfaces”  

do not stop, but do slow down  

radial field-line transport 

[S.R. Hudson, Phys. Rev. E 74, 056203 (2006)] 



Cantori are approximated by high-order periodic orbits;  

High-order (minimizing) periodic orbits are located using variational methods. 

robust  = not sensitive to Lyapunov error 



Ghost-surfaces constructed via action-gradient flow 

between the stable & unstable periodic orbits.  
[C. Golé, J. Differ. Equations 97, 140 (1992), R.S. MacKay and M.R. Muldoon, Phys. Lett. A 178, 245 (1993)] 

minimax 

minimizing O X X 

problem: action-gradient flow is 

small near integrable limit 



Ghost-surfaces are identical to quadratic-flux-minimizing 

surfaces (if using appropriate angles).  

[R.L Dewar, S.R Hudson & P. Price, Phys. Lett. A  194, 49 (1994)]  

[S.R. Hudson & R.L. Dewar, Phys. Lett. A, 373, 4409 (2009)] 

[R.L.Dewar, S.R.Hudson & A.M.Gibson, J. Plasma Fusion Res. SERIES 9, 487 (2010)] 

Thin solid line = ghost surfaces 

Thick dashed line = QFMin surface 

Red dots shows Poincaré 

plot of chaotic field 



Poincaré plot                         Error vs grid resolution 

Numerically solving anisotropic heat transport 

exploits field-alligned coordinates (α,β,η) 

solid lines = isotherms 

grey dots = Poincaré  plot 

solid lines = isotherms 

grey dots = Poincaré  plot 

4-th order differencing gives 

4-th order convergence  



Isotherms coincide with cantori and ghost-

surfaces!  

Ghost-surface for high-order periodic orbits “fill in the gaps” in the (irrational) cantori. 

 

Ghost-surfaces and isotherms are almost indistinguishable; suggests T=T(s). 
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T=1 

 1,2  island

T=0 

ghost-surfaces ghost-surfaces 

temperature flattens 

across large islands 

                               no KAM surfaces 

[S.R. Hudson & J. Breslau, Phys. Rev. Lett. 100, 095001 (2008)] 



Chaotic-coordinates simplifies temperature profile to a 

smoothed fractal (devils) staircase. 

Ghost-surfaces can be used as radial coordinate surfaces.  

[S.R. Hudson, Phys. Plasmas 16, 010701 (2009)] 



Summary 

1. In chaotic magnetic fields, anisotropic heat transport is 

restricted by irrational fieldlines = cantori. 

 

2. Ghost surfaces are identical (depending on angle) to 

quadratic-flux-minimizing surfaces; a simple numerical 

construction is introduced. 

 

3. Interpolating between rational (p/q) ghost surfaces allows 

“chaotic magnetic coordinates”, or “action-angle coordinates 

for non-integrable Hamiltonian systems”. 

 

4. In chaotic coordinates, the temperature profile takes a simple 

form. 


